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ABSTRACT: Thisinvestigation presents an exactly solvable fractional model of linear viscoelastic behavior.
In recent years both phenomenological- and molecular-based theories for the study of polymers and other
viscoelastic materials came up with integral or differential equations of fractional order. Exact (analytical)
solutions of such equations can be obtained by making use of the fractional calculus. Fox functions play a
dominant part: they offer a wide spectrum of applications; however, they are applied little and they have
not been used up to now within the context of viscoelasticity. A well-defined fractional initial value problem
is derived by starting out with the Zener model. When the initial value problem is solved, a Fox function
representation of the stress relaxation function is obtained. Further viscoelastic functions will be calculated
analytically. Data sets of stress-strain experiments carried out on polyisobutylene and natural rubber are
analyzed and compared with the predictions of the fractional theory. The agreement covers more than 10

orders of magnitude.

1. Introduction

Current models of viscoelasticity which are based on
the fractional calculus are usually derived from the
Mazxwell model® by replacing formally the first-order time
derivatives (d/dt) by fractional derivatives (d9/d¢9) of non-
integer order ¢ (0 < ¢ £ 1). The complex modulus or the
complex compliance is then obtained by Fourier trans-
formation of the generalized constitutive equation,? and
the relaxation function or retardation function may be
calculated by the method of Laplace transformation or by
applying Abel’s integral operator.® Bagley and Torvik?
relate their model to the molecular Rouse’s theory by
considering the continuum limit of the molecular theory.
Koeller® is interpreting the fractional calculus in the
framework of materials with memory. The fractional
models are useful to describe linear viscoelastic behavior
of solids and liquids with few easily manageable param-
eters. However, some of the proposed models lead to
diverging solutions for the relaxation function at the initial
time ¢t = 0.24 In order to resolve this divergency problem,
we formulate (and solve) a fractional model as a consistent
fractional initial value problem. Our final result is a
fractional integral equation, which will be solved analyt-
ically. Thesolutionwill be given in terms of Fox functions.
A comparison of our theoretical results with experimental
relaxation data obtained from polymeric materials sup-
ports the fractional model.

Very recently Douglas® investigated surface-interacting
polymers and converted Feynman’s path integral formu-
lation of this problem into an equivalent integral equation
approach. The resulting integral equation is a fractional
integral equation, indicating, again, the important role of
fractional integral and differential operators in the theory
of polymers. The fractional calculus is old but little
applied, and it is continually evolving. Thus, part of our
current investigation is the motivation to formulate a well-
posed fractional initial value problem for viscoelastic
bodies and to demonstrate solution techniques for the cor-
responding fractional operator equations. Fox functions
play a dominant part in our theory. Hence, we will discuss
the most important properties of Fox functions, their
asymptotic behavior, and some important subclasses like
Wright functions and Mittag-Leffler functions in the
appendix.
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In standard literature a phenomenological way is
traditionally used to describe viscoelastic experiments.
Since a single relaxation process is inadequate to represent
the behavior of viscoelastic materials, a series of N such
processes is considered. Then, e.g., the shear relaxation
function G(t) is given by®

N
Gt) =G+ Y_Gye!™ (1)
p=1

In order to obtain a model with few parameters, the
relaxation times 7, are related to the largest relaxation
time 7, by 7, = p™r; and the relaxation strengths G, are
assumed to be equal (G, = G1). Molecular theories derived
from Rouse and Zimm® for dilute polymer solutions lead
to such forms for the relaxation function with 8 = 2 and
8 =3/2 (for p greater than, say, 10), respectively. Besides
this close connection to molecular theories such generalized
Maxwell models have the advantage that all relevant vis-
coelastie functions can be calculated explicitly.

In this paper we consider a fractional model based on
the Zener model,”® in which the stress (c¢)-strain (¢)
relationship is given by the first-order differential equation

o(t) + To%g- = (G, + Ge)%% +Ge(t) @)

where 70 = 7m/Gn is the relaxation time of a Maxwell
element with the spring constant G, and the viscosity 7m
and G. is the constant of the spring parallel to the Maxwell
unit. The generalization with help of fractional integral
operators leads to a well-posed initial value problem which
can be solved by Laplace and Mellin transform techniques.
We show that the solution is expressibie in terms of Fox
functions which are closely connected to the Mellin
transformation. Besides the relaxation function G(t),
other viscoelastic functions like retardation function J(¢),
complex modulus G*(w), complex compliance J*(w),
relaxation time spectrum H(r), and retardation time
spectrum L(7) are expressible by analytical functions.
Especially H(r) is a continuous smooth function with a
broad maximum which can be regarded as a characteristic
of models based on the fractional calculus.
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2. Fractional Differential and Integral Operators

There are several definitions of fractional differentiation
and integration.? In what follows we are strictly dealing
with the so-called Liouville-Riemann fractional calculus.
The fractional integration of arbitrary order q (g > 0) of
a function f(t) is defined by

-9 = t(t_t})q_l ’ ’
D) + = 4 )

The operator ,D;? is called the Liouville-Riemann frac-
tional integral operator. For integer values ¢ = n, ,D;" is
the well-known Riemann integral operator for the nth
integration based on the Cauchy formula of repeated
integration. Fractional differentiation of the order r (r >
0) is considered to be composed of a fractional integration
of the order n —r (n - 1 < r < n) followed by an ordinary
differentiation of the order n, i.e.

dn
Dif(t) =+ —(.D"f(t 4
Dif(©) # < Z(DITHE) (4)

The initial time in the problems is regarded to be ¢t = 0,
so the lower limit a of the integrals becomes zero. Within
this calculus, e.g., the “differintegration™ of the power
function f(t) = t+ is given by (u, ¢ € R, u > -1)

[(u+1)
q t“ - 7
oDt ['(u—-g+1)
In order to solve linear fractional differential equations

or fractional integral equations, we can use the Laplace
and Mellin transforms defined by

1#a (5)

fp) = LGP + [ "ePfe) dt (6)
and
fls) = M(fe)s) + [ 7 ¢ f(e) de 1)
respectively. We further use the relation
=1 -
M(f(t),s) = 1,(l_s)-/*l(-C(f(t),p),l s) (8

connecting Laplace and Mellin transforms. The Laplace
transform of a fractional differential or integral operator
is given by®
n-1
LGDI(E).0) = pf(p) = D_p* DI H )]y (9)
k=0
for arbitrary g, where n is an integer such that n -1 <gq
< n. For fractional integral operators (¢ < 0) the sum is
empty and vanishes. From (9) it follows that the solution
of a fractional differential equation of the order ¢ depends
on n integration constants c;. An initial value problem is
therefore well-posed if the derivatives

Cp = ng-l-kf(t)|t=0 (10)
where k = 0, 1, ..., n — 1 at the initial time are given.
Next we discuss the difference between equations
containing fractional differential operators and fractional
integral operators. Asanillustrating example we consider
fractional generalizations of the standard relaxation
equation

deyy=-
O =M (a

(A>0). Afractional differential equation is obtained from
(11) by replacing the normal differentiation by the
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fractional differential operator oD} (0 < r < 1)
DIf(E) = M) (12)

In order to get a fractional integral equation, (11) is
integrated, yielding

(&) = fo = -\ oD f(t) (13)
where the integration constant f; is given by fy = f(¢=0).
Substitution of the integral operator by the fractional
integral operator ¢D;? (0 < g < 1) results in

f(&) = fo = =X (D7 (1) (14)

Laplace transformation of (14) gives

-1
oy = 1P (15)
1+ 3p™
With (8) we get the Mellin transform
fs) = loy-oiaLe/@TU=s/q) (16)

q L(1-s)
thus we obtain the solution of the fractional integral

equation (14)
0,1/9) )
©,1/9), 0, 1) an

by comparing (16) with the Mellin transforms of Fox
functions (see the appendix). The solution (17) is a
monotonic decreasing function with f(0) = fo and f(¢) ~
t9fort — =,

Now we consider the fractional differential equation
(12). With (9) we obtain the Laplace transform

f(t) = %—’Hg( Kl/qt

Co
p+A

which leads to the solution

fp) = (18)

©,1/7) )
o1/ a-ry) 1

This solution diverges ~ ™! for t —0and decreases ~ ¢t 1"
for large t. The “initial value” of the ( — 1)th derivative
of f(t) determines the constant co: ¢o = oD 1£(t=0).

The formulation of fractional equations with fractional
derivatives corresponds to initial value problems where
the initial values are given by certain fractional derivatives.
Usually the solutions of these kinds of equations are
unbounded at initial time. On the contrary, equations
containing fractional integral operators are formulating
initial value problems with finite values at initial time.
This approach is also applied for the formulation of
fractional diffusion and wave equations!® and for the
derivation of a fractional Boltzmann equation.!! In the
following section we are formulating a fractional standard
solid model based on fractional integral operators.

4
f(t) = —ft*lH};( AVt

3. Derivation and Solution of the Fractional
Initial Value Problem

We start out from the linear standard solid (Zener) model
(2) considering both sides of the equation separately:

Vo) = 7' + L 20)
Be(t)] = Gurg' e+ (G + GIE 1)



6428 Glockle and Nonnenmacher
Integrating (20) yields

D =1t Do+ oo (22)
where oy is the integration constant. The fractional

generalization is made by substituting 7% (D;% for
75l /D;'o. We obtain

¥ =1,D% +0-0, (23)
and in the same way
$ =G rg* D e+ (G + G e—¢p) (24)

Equating ¥ = & leads to the fractional solid model
(fractional integral equation)

a(t) = g + 1.7 (D9a(t) = G,ry" (D e(t) +
(G + GI(elt) — ) (25)

Applying a fractional differential operator (D (r = g, u)
defined in (4) from the left, one obtains an equivalent
fractional differential equation. However, for practical
applications (solving fractional order equations by La-
place and Mellin transform techniques) it is of some
advantage to start out directly with the fractional integral
equation (25).

The model consists of five parameters from which G,
G., and 7 can be removed by considering normalized
quantities. Thus the basic parameters are ¢ and g, which
are restricted by 0 < ¢, u £ 1. ¢ and o are initial values.
For G, = 0 the fractional Maxwell model is obtained which
has been discussed by Nonnenmacher.1?

Laplace transformation of (25) yields

a(p) = Q(p) e(p) (26)
with
G +G)+G.r.t'p™*
Q(p) = ( m e) . _eTO p (27)
1+ 7%p™

and the initial values are related by

Go=2=G_+G, (28)

€0

In order to discuss stress relaxation experiments where
the strain e is held constant, e(t) = ¢#8(t) is substituted in
(25), where 0(t) is the Heaviside step function. Equiva-
lently e(p) = ¢p~! in (26) may be considered. From

-1 -u-1
P4 Grp—E—— (29
+ 70p™ 1+ 7%p™
the stress relaxation function

0,1/q) )
©,1/g), 0,1/ "
0,1/q)

G, L) n(i )
q(To B\ 7 10, 1/9), (1) ] B0

is obtained (see (67) and (70) in the appendix), where G(t)
is defined by G(t) = 5(t)/€¢. The asymptotic behavior of
(30) for large ¢t is given by G(t) ~ t*9 in the case of G, #
0and G(t) ~ t9inthecase of G, = 0. Weget the condition
p < q if we demand G(¢) to be monotonically decreasing
for large ¢t. The asymptotic behavior for small ¢ follows

U(P) = 60001

G(t) = H};( £
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Figure 1. Stress relaxation at constant strain for two different
initial conditions: data points from ref 13, (- --) stretched
exponential law (33) with ¢ = 250 dyn/mm?, 7y = 350 s, and §
= 0.6; (- - -) Nutting equation (34) with ceeo = 120 and & = 0.6;
(—) Fox function (32) with a5 = Goep = 250 dyn/mm?, G, = 0,
70 = 350 s, and ¢ = 0.6; (- - -) Fox function (32) with oo = Goeo
= 65 dyn/mm?, G, = 0, 7o = 350 s, and ¢ = 0.6.

from the series representation (see the appendix)

S

+ (1 )
+

B oo -1 k k
() )
76/ =0 I(1+u+qgk)\7

For small ¢ the relaxation function G(t) is decreasing only
if 4 =2 gq. Thus, G(t) is a strongly monotonic decreasing
function for all ¢t > 0 if u = q. For this relation it reads

_Gy-G, t| (0,1/q)
G = 12(10 0,1/9), (0, 1)

In Figure 1 data from a stress relaxation experiment!?
are compared with the fractional Maxwell model (G, = 0)
which is the most simple version of a fractional rheolog-
ical theory. The glassy modulus Gy or the initial stress og
= (Gpeo is obtained by extrapolation to the time ¢t = 0. The
parameter 7o characterizes the transition to the power law
decay for t > 75, and the power of the decay —g can be
determined from the slope in the long time region in the
double-logarithmic plot. Forillustration, Figure 1 shows,
additionally, curves obtained by the stretched exponential
law

) +G, (32)

o(t) = oy exp(-(t/7o)%) (33)
and by the asymptotic (large ¢t values) Nutting equation
a(t) = cpept™ (34)

One recognizes that the fractional behavior interpolates
between these two types of relaxation.

The relaxation function for polyisobutylene is shown in
Figure 2. The datapoints are from several stressrelaxation
measurements reported in ref 14. The data for the bulk
modulus E(¢) are converted to the shear modulus by
division by 3. Because of the symmetric shape of the curve,
the case ¢ = u is used to fit the data by a standard least-
squares fit procedure. The viscous flow which occurs at
times t > 1 s is not incorporated in the current version of
the model, and thus these data are excluded from the fit
procedure. The parameters Gy and G, are the values of
the glassy and the elastic plateaux. The characteristic
time constant 7o indicates the position of the transition
from glassy behavior to elastic behavior, and —q is the
slope in the transition region in the double-logarithmic
plot. The fit curve is calculated from (31) taking a few
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Figure 2, Stress relaxation function for polyisobutylene: data
points from ref 14 fitted by (30) with Gy = 1.0 X 10° Pa, G, = 2.5
X 105 Pa, 7o = 1.2 X 108 s, and ¢ = u = 0.65.
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Figure 3. Storage modulus and loss modulus for polyisobuty-
lene: data points taken from ref 14 fitted by (38) and (39) with
the same parameters as in Figure 2.

hundreds of terms of the sum into account. Because of
the alternating sign in the sums, this procedure fails for
values ¢t > r5. Therefore, we used the formulas (60) and
(65) to calculate the 1/t expansion. This way we get
asymptotic expansions for small and for large ¢t values
which converge fast and agree in the time region in between.

4, Other Viscoelastic Functions

Up to now we considered the stress relaxation function
G(t) of the fractional model (25). Within the framework
of linear viscoelasticity there are other functions containing
essentially the same information. The conversionrelations
between these functions are well-known.®8 However, only
for very few models can they be explicitly performed. In
this section we present the formulas of some of the most
important viscoelastic functions due to the fractional
model (25).

We consider the general case with 0 < u, ¢ < 1. The
important special case 1 = ¢ is included as well as the
fractional Maxwell model G, = 0. Foru > gand G, # 0
the model delivers well-behaving functions for small ¢ or
7 values or large w values, respectively. Onthe other hand,
the functions for u < ¢ and G, # 0 are compatible with
physical constraints if large ¢ or 7 values or small w values
are regarded. The admissible ranges of the variables ¢, w,
and 7 depend on the parameters q, 4, Go, G, and 7o. They
can be calculated, e.g., from the conditions (d/dt)G(t) <
0, G”(w) > 0, or H(r) > 0, which ensure the energy
dissipation of the system. Since Gy > G,, the physically
admissible range islarge and covers usually the whole range
of measurement.!®> The cases u = g and G, = 0 show correct
physical behavior of the viscoelastic functions for all t, w,
and 7 values.

Harmonic Response Functions. We first consider
the harmonic response functions. The complex modulus
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G*(w) is defined by

a(w) = G*(w) e(w) (35)

where o(w) and e(w) are the Fourier transforms of stress
and strain. Comparing (35) with (26), we obtain

G*(©) = QP)lpmis (36)

since ¢(t) =0and o(t) = 0fort <0. Separating the complex
function

Gyt G liwr))™
1+ (wry)™

into real and imaginary parts (G* = G’ + iG"), the storage
modulus

G*w) = (37)

G'(w) = [GOZB" o8 ("_"2_‘1) + G,w"™* cos (_1r(q2—- E )) +

Gyw™ + G 0¥ cos (%‘) ] / [&32" + 207 cos (12(1) + 1]

and the loss modulus

G"(w) = [GO&" sin (%q) + Gw"* sin (W(q2_ #)) _

G o™ ™*sin (12‘—‘) ] / [ & + 207 cos (%q) + 1] (39)

are obtained with @ = wro. The special case u = g was first
discussed by Cole and Cole!® in the context of dispersion
and absorption in dielectric materials without making use
of the fractional calculus.

In Figure 3 (38) and (39) are used to fit harmonic
response measurements on polyisobutylene over several
orders of magnitude. The measurement was carried out
by Ferry, Grandine, and Fitzgerald.'” The data are
published by Tobolsky and Catsiff.1* InFigure 3thesame
parameters are used as in Figure 2 where the stress
relaxation function is fitted.

Complex Compliance. The complex compliance is
given by J*(w) = 1/G*(w) = J'(w) - id”(w). The storage
compliance and the loss compliance therefore read (w =
wTo)

J'(w) = [GOQ"*“ + G " cos (1"2—"‘-) + Ggo™ ™ cos (12‘1) +
G,w* cos (____71'(#2— q)) ]/ [ Gl +
2G,G " cos (EZE) + G? ] (40)
and

J"(w) = [00&2““’ sin (12‘1) - G,&* sin (fzﬁ) +

G, sin (ﬂ'(qz— u)) ] /
[ 6252 + 26,6, cos =)+ ] u

respectively. Further functions like the absolute modulus,
absolute compliance, and the loss angle are easily calcu-
lated from the functions (37)—(41).

The storage compliance and the loss compliance of the
same material as in Figure 2 and 3 are shown in Figure 4.
The data points are taken from the master curves
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Figure 4. Storage compliance and loss compliance for poly-
isobutylene: data points from ref 17 fitted by (40) and (41) with
the same parameters as in Figure 2.

determined by Ferry, Grandine, and Fitzgerald.!” The
parameters of the solid curves are the same as those in
Figures2and 3. Hence,the data points of the five different
viscoelastic functions of polyisobutylene can be fitted with
the same parameters. This is a definite advantage of the
fractional model developed in the previous sections.

Retardation Function. The Laplace transform J(p)
of the retardation function J(¢) is connected with the La-
place transform of G(t) by J(p) = (p?G(p))~!; so we obtain

-1

J(p) = Gy £
®) ®1+(G,/Gyri*p™

1 P_q_1
Gy 7o° —— (42)
1+ (G,/Gyry'p

Mellin transform techniques yield

ﬂ TO GO
0,1/

o R
\G/ |0 1m0 /) 4

For the Cole-Cole model, i.e., for u = g, the two terms in
(43) can be collected and the retardation function reads

=1 .1 __e)l(i)q
J(t)—G0+GO(1 aJa\r X
0,1/9)

)0 )
Go (Oa I/Q)(‘q, 1)

Inthis case J(t) is a strongly monotonic increasing function

(0, 1/n) ) .
(0, 1/w(-g, 1)

withJ(0) = G'1 and J(m) = G;l. If we set G = 0, the result
S ()t "
Jie) Go 79/ T(l+q) (45)

of the fractional Maxwell model is obtained.

Relaxation Time Spectrum. The relaxation time
spectrum H(7) is related to G(¢) by

GO =G.+ [Hn e’ dln()  (46)

with G = G(t—=). In (46) G(¢) is regarded as a super-
position of continuous relaxation processes with charac-
teristic times 7. Hence, H(7) is a measure of the strength
of the process with the relaxation time r. H(7) can be
calculated by

H(r) = £~ lim Im (21)] I (47)

7T 0

where Im Q(p) is the imaginary part of Q(p) given in (27).
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Figure 5. Relaxation time spectrum (48) for various values q:
Go=10,G.=1,u =01
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Figure 6. Relaxation time spectrum (48) for various values u:
Go=10,G, = 1,q =0.7.

We obtain

H(r) = (1/m)[Gyl7/79)? sin (wq) = G,(7/75)* sin (wu) +
Ge(r/ro)“+q sin (w(g - [.L))]/[(T/To)zq +
2(r/74)? cos (wq) + 1] (48)

which reduces in the Cole—Cole case (u = ¢) to

H(r) = (1/m(Gy - G)(7/75)% sin (7q)]/[(r/7)* +
2(r/79)% cos (wg) + 1] (49)

In Figures 5 and 6, H(7) is plotted for various values of u
and g. The relaxation time spectrum shows a maximum
at 7 = 75. In comparison with the generalized Maxwell
model (1), H(7) of the fractional model is a continuous
function, which is symmetric about 7 = 7¢ in the case u =
q. Thedecay of H(r) in the neighborhood of 74 is governed
by a power law; thus, the maximum is broader than that
of a Gaussian or Lorentzian curve.

Retardation Time Spectrum. The retardation time
spectrum L(7) is defined by®

J&)=d+ L@ Q- dIn(r) +t/n (50)

where J; is the instantaneous (glasslike) compliance and
nis the shear viscosity. Thus L(7) is the statistical weight
of the retardation process with the time constant 7.
Equivalently to (47) L(7) can be calculated from Q(p) by

1
L(r) = £=lim Im Q(®) ey s (51)
T 0
One obtains for the fractional model

L(7) = (1/m)[Gylr/79)? sin (mq) ~ G (7/7p)* sin (zu) +
Ge(T/TO)‘H’Q sin (w(q - )]/ 02(1'/1'0)2“ +
2G,G (7/7p)" cos (wu) + G? 5] (562)
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Figure 7. Retardation time spectrum (52) for various values g:
Go=10,G, =1, u = 0.7.
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Figure 8. Retardation time spectrum (52) for various values u:
Go=10,G,=1,q=0.7.

which leads to

L(7) = (1/m){(Gy - G)(7/79)? sin (rq)]/[Gilr/7p)* +
2GoG,(r/75)" cos (rq) + GZ] (53)

in the case ¢ = u. The L(7) function is plotted for various
values of ¢ and 4 in Figures 7 and 8.

5. Comparison with Experiments and Discussion

Roughly spoken there are two ways to derive a fractional
equation from an integer number differential equation.
Either one may replace formally the differential operators
in the given equation by fractional differential operators
or one may integrate the given equation and replace
subsequently the integral operators by fractional operators.
The main advantage of the second form of generalization
is the fact that this method leads to well-posed initial
value problems. In this paper we considered a fractional
formulation of the standard linear solid model. We
demonstrated how the fractional equation for the relax-
ation function can be solved by Laplace and Mellin
transform techniques. The solution is expressible by a
Fox function in a direct way. There are other represen-
tations of the solution in terms of Wright functions,
generalized Mittag-Leffler functions, or infinite series.
Although the Fox functions are rarely used in physics,
their basic properties are well established. In our opinion
this general class of functions forms a suitable frame for
fractional calculus models in various contexts. Fractional
diffusion and wave equations!®may be interpreted in terms
of Fox functions as well as Lévy flights.18

Fractal time processes governed by fractional differential
or integral equations, as discussed here, seem to be the
natural counterpart to our recent understanding of frac-
tal (geometric) structures. Both concepts are drawing on
the same inspiration: the principle of exact or statistical
self-similarity. As well as the principle of self-similarity
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Figure 9. Storage and loss modulus of a natural rubber: data
points from ref 20 fitted by (38) and (39) with Gy = 330 MPa,
G. = 0.8 MPa, G. = 0.35 MPa, 7o =8 X 10958, ¢ = 0.72 and u
= (.6.

of geometric fractals breaks down if one considers mo-
lecular length scales, the molecular dynamics is assumed
to follow the well-known fundamental laws containing
integer order differentials. Thus fractional calculus models
should be regarded as a tool to describe the behavior of
complex systems on a mesoscopic or macroscopic level.
Giving an answer to the question for a general connection
between the orders of the fractional operators and some
sort of fractal (similarity) dimension requires further
investigations. However, especially for Lévy flights such
a relation has already be pointed out.!®* Additional
comments concerning basic physical laws and fractional
order equations are given in ref 12.

In the framework of statistical dynamics fractional
relaxation processes turn out to be special types of non-
Markovian processes where the memory function is
decaying by a power law.1® A further interpretation of the
fractional behavior can be obtained from the relaxation
time spectrum, which gives the distribution of single De-
bye relaxation processes with different relaxation times.
The continuous function H(7) may be regarded to be the
continuum limit of the distribution of discrete relaxation
times 7, in (1).

The fractional model (25) depends on five parameters.
The main relaxation time 74, the “equilibrium modulus”
G, and the glassy modulus Gy = G, + G, are characteristic
parameters of the material; the remaining two parameters
q and u characterize the “fractional behavior” of stress
and strain, respectively. Figure 1 shows a comparison of
our Fox function solution of the fractional Maxwell model
(G. = 0) with the Kohlrausch-Williams-Watts law and
the Nutting law. The Fox function interpolates between
stretched exponential and power law behavior which are
often used to analyze viscoelastic relaxation processes.

Besides G(t), the model allows the calculation of other
important viscoelastic functions. Thus, the fractional
model offers a way to represent data of different viscoelas-
tic functions obtained on the same material with the same
parameters. This, probably the most definite advantage
of the fractional calculus scheme, is demonstrated in the
Figures 2-4 where the relaxation modulus, the storage
modulus, the loss modulus, the storage compliance, and
the loss compliance of polyisobutylene of viscosity-average
molecular weight 1.35 X 108 are fitted with the same
parameters. The good agreement shows the validity of
the linear viscoelastic theory for this material. It further
provides a verification of the time-temperature super-
position principle (thermorheological principle) which is
traditionally used to obtain a master curve for measure-
ments at different temperatures.

In Figure 9 recent measurements? of a natural rubber
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Figure 10. Relaxation time spectrum of a natural rubber: (48)
with the same parameters as in Figure 9.

are plotted. The data points of a master curve from
dynamical G modulus measurements are fitted by (38)
and (39) over a data range spanning 14 orders of magnitude.
In order to model the soft slope of the rubber “plateau”,
q and u have to be taken differently. The parameter g is
connected with the slope in the transition region of G’.
Due to G, < G, the parameter u can be calculated from
the slope of G” (in the double-logarithmic plot) in the
low-frequency region which is given by ¢ - u (¢ < g). The
difference between g and u leads to a limiting frequency
wirestricting the range of w. The fractional model delivers
a proper description for « < w; consistent with the
thermodynamic condition G”(w) > 0. Using the param-
eters of the rubber in Figure 9, the limiting frequency is
of about 1030 Hz, and, therefore, it is far beyond the range
of measurement. Further a constant G has been added
to G’ in (38), which does not affect the results of this theory.
The corresponding spectrum function H(r) is plotted in
Figure 10. It shows a broad maximum at 79 and a slowly
decreasing plateau at high 7 values. The broad continuous
distribution of relaxation times may be regarded as an
effect of the large number of molecules with many internal
degrees of freedom and the strong interaction between
them. On the other hand, power law behavior is a
characteristic feature of fractional models. Thus, they
provide decays which are slower than exponentials in a
simple manner.

In order to compare different types of measurements,
the relaxation time spectrum is usually considered because
this function can easily be connected with processes on a
molecular level. For example, Nicolai et al.?! compare the
relaxation time spectrum obtained from dynamic light
scattering with the spectrum from dynamic mechanical
measurements. To get the spectrum function, they used
a numerical inverse Laplace transformation which, how-
ever, is known to be sensitive upon random noise.
Therefore, it is of great advantage that the spectrum
function is given now explicitly as an analytical function.
The fractional model supplies a continuous relaxation
spectrum H(r) in the form of an explicit function. Besides
this sort of direct use, the presented model is exactly
solvable and it can therefore be used to test computer
programs performing numerical transformations.

The fractional model discussed here includes as the
special case, u = g, the Cole—Cole relaxation. The vis-
coelastic functions are compatible with thermodynamic
constraints for all values of the variables. This model is
sometimes used to fit data pointsin the frequency domain
usually without considering the connection to the fractional
calculus. The special form of the H(7) function (49) was
first calculated by Cole and Cole.1® Therelaxation function
G(t) and the retardation function J(t) are expressible by
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Figure 11, Storage and loss modulus of a galactomannan-borax

gel: data points from ref 22 fitted by (38) and (39) with G, = 130
dyn/cm?, G, = 0, 7o = 34 5, and ¢ = 0.75.

Fox functions for the Cole—Cole relaxation as well as for
the general case. Therefore, the essential viscoelastic
functions of the Cole—Cole relaxation model are repre-
sentable by explicit functions. Instandard literature about
phenomenological viscoelasticity the functions G(t) and
J(t) are not given explicitly but represented by formulas
containing convolution integrals.?

If G, is set equal to zero, the fractional solid model
reduces to a fractional Maxwell model which depends on
the parameters Gy, 79, and g. This simple model can be
of advantage in discussing the dependency of the viscoelas-
tic behavior upon temperature, pressure, concentration,
molecular weight, and so on. For example, Pezron et al.22
studied galactomannan-borax gels. They considered the
parameters G and 7o to be functions of the temperature,
the B~ concentration, and the pH. In Figure 11 a typical
result of measurement is fitted by (38) and (39) (G, = 0).
With use of the fractional Maxwell model the depend-
encies of ¢ can further be regarded. Thus in our opinion
deeper insight into the system may be obtained. On the
other hand, the fractional Maxwell model can be used to
discuss materials with viscoelastic relaxation behavior on
different time scales. In this case, a model consisting of
a few parallel fractional Maxwell units can be applied.
Measurements like those of van der Werff et al.2® on
colloidal dispersions can be interpreted by fractional
Maxwell models as well as by generalized Maxwell models
(1). The former has the advantage that it leads to explicit
viscoelastic functions especially to a continuous, smooth
spectrum function.
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to represent different viscoelastic functions obtained on
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Appendix: Fox Functions

The Fox function is defined in terms of a Barnes type
integral by?425

mnf _|(@1 @)--(ap, ap))_ 1 s
Hpq(z G5 b ) fhisyzds (59

T om
where z is not equal to zero. Here h(s) is given by
i, T(A-b+85) 7.4, Ta;~as)

where p, g, m, and n are integers satisfying 0 < n < p and
1 <m <q. Empty products are interpreted as unity. The

h(s) =

(55)
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parameters o; (j = 1,..., p) and 3, (j = 1, ..., q) are positive
numbersanda;(j=1,..,p) and b; (j =1, ..., q) are complex
numbers such that

ajby, +v) # Byla;—1-2) (56)

foru,A\=0,1,..;h=1,..,m;andj=1,..,n. Cisacontour
in the complex s-plane separating the poles in such a way
that the poles of I'(b;-8;s) (j = 1, ..., m) lie to the right and
the poles of I'(1-a;j+a;s) (j = 1, ..., n) lie to the left of the
contour C. The Fox function is an analytic function of z
which makes sense (i) for every z = 0 if u > 0 and (ii) for
0 <|z|] < Blif p = 0 where

w=38-3 s, (57)

j=1 j=1
and
B= ﬁa;f f[e;-"’f (58)
j=1 j=1

Due to the factor 2¢ in (54), the H-function is in general
multiple-valued but one-valued on the Riemann surface
oflogz. Apartfromsymmetry relationsin the parameters
which are easily detected in (55), there are the following
important properties:26

n (3, @)@y ) ) _
Heq ("‘ (Byy By)er(bgupy Bop) (@, )

o (| (@2 0l ) )
Hota\2| by, )by By
nz=21,q9g>m) (659

(ay, ay)..(a,, @) )
(b, By)-nrlbyy B)

1
et

H;’q"(z

(1-by, 8)..(1-b,, B) ) (60)

(1-ay a1 -y @)

l mn, (al’ al)...(ap, ap) ) -
Pl (z (by, BY)..(by B,) |
(a), kay)...(ap, ka ))
mnf _kl ‘1 1 P p
L G kep ) B> 0 (6D
cpymn (al’ al)"'(ap’ ap) ) —
#Hoq (z (byy By)e(byy B,) ) =

anl (@ + oy, al)...(ap + oay, ap) )
Hpq(z (by + By, B)...tb, + B, 8,) ) ©2)

With use of the theorem of residues the Fox function can
be expressed by
(ap al)...(ap, ap)

Hz'q"(" (bys By)-- by B,) )= -2 resh(e)2) (69

where the residues are taken in the points s = (b; + »)/8;
G=1,..,mv=0,1,..). If these poles are simple (63)
may be written as

Hpn(e) =

(-1)* 2%

het *=o 10, T (1= 48,8, )y Taasy) R Ba
(64)

with spe = (bp, + k) /Bh. II’ means the product without the
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factor j = h. The formula (64) can be used to calculate
the special values of the Fox function and to derive the
asymptotic behavior for z — 0.

The asymptotic expansions for |z| — « are treated in

ref 25 in the general case. Especially for 4 > 0 and n =
0

H;,"q"(z) ~ Zres(h(s)z’) (65)

as |z| = « uniformly on every closed subsector of |arg z|
<6-(m/2)p. The residues have to be taken in the points
s=(aj-1-v/aj(j=1,..,n,v=0,1,..) and 6 is defined

by
6= (iﬁj_ i 04_,')7" (66)

j=1 Jj=n+1

Now we consider the connection between a Laplace
transform

v

(p) = —F— (67)
Ao 1+ A\p™

(A > 0, k > 0) and the corresponding time-dependent
function f(t) expressed by a Fox function. The Mellin
transformation of f(t) reads

r(s—l—v) F(1L1+v—s)
fls) = Int-senre LK :
K

T'(1-s) (68)

where we have used (8). Inverting the Mellin transfor-
mation leads to

F(—s—l—v) 1,(1 +1+u+s

_ 1 e K K
t) ==\
fie) K fc I'(1+s)

by substituting s by —s. With the definition (54) of the
Fox function we obtain

)(Al/"t)’ ds (69)

(-1-v)/x, 1/x) )
(1-n/x1/00,1) @

Equation 64 yields the series expansion

f(t) = _1K.>\(l+v)/xHi;( AL/x¢

@ (_1)k
f(t) = }\(l+v)/x Z ()\l/xt)xk—v—l (71)
k=0 I'(kk—v)
The asymptotic behavior is given by (v # «)
t! for t—0
) {t""l" for t—>

We end this appendix by mentioning that many well-
known functions like the hypergeometric functions are
special cases of the Fox functions. Especially the Wright
functions and the generalized Mittag—Leffler functions
(4) which are sometimes discussed in the context of
fractional calculus are expressible in terms of Fox func-
tions:

o (@)@ )

P q((bl, By).--(bgs B’ 2)=

(1-a,, ap)..(1-a,, o) )
Hiﬁﬂ(z (0, 1)(1 - by, By)...(1 i b(:ﬂq) )
E, 4(-2) = th,(z (((?:11))(1 -8, a) ) (74)

Here ,¥, denotes the Wright function, which is also called
Maitland’s generalized hypergeometric function, 26 and E,
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is the generalized Mittag-Leffler function.?’
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